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EEE102 Circuit Theory: Syllabus

Constant (dc) voltages and currents

Conventions for voltage and current, units, Ohm's Law, Kirchoff's Laws and
applications to combining resistancesin series and parallel, ideal voltage and current
sources; technique of circuit analysis using nodal voltages; modelling of real devices
with ideal elements, equivalence of voltage and current sources; Thevenin's Theorem,
Norton's Theorem,; technique of circuit analysis using mesh currents; power, power
transfer from a source to aload; linearity, superposition; star-delta and delta-star
transformations.

Transient effectsin electrical circuits

Energy storage elements: inductance and capacitance, units; types of time-varying
excitation in electrical circuits, transientsin circuits with afirst-order response by
analytic solution of a differential equation, exponential rise and decay, time constant
in R-C and R-L circuits; initial conditions, effect of initial condition on response,
establishing initial and final conditions in higher-order circuits; energy storage in
capacitors and inductors.

Circuitswith steady-state sinusoidal excitation

Concepts of frequency, angular frequency, phase shift, amplitude, peak, peak-to-peak,
and root-mean-square values; introduction to the j operator and its application in
circuit analysis; complex impedance, admittance, resistance, reactance, conductance
and susceptance; complex impedances of ideal circuit elements, solution of simple
circuits by combining impedances in series and parallel; phasor representation of
alternating voltages and currents, phasor diagrams as an aid to understanding; genera
circuit analysis using j notation (nodal voltage and mesh current).

Resonance
Analysis and applications of series and parallel resonant circuits, bandwidth and Q
factor.

Power

Rel ationships between power, reactive power and VA, power factor, principle of
conservation of power and reactive power, reactive power absorbed by capacitors and
inductors, power factor correction, complex power in terms of phasor voltages and
currents.
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DC CIRCUITS

conventions

Ohm’sLaw: V =R with the directions of voltage and current indicated

SI UNITS: guantity unit
voltage Volts (V)
current Amps (A)
resistance Ohms (Q)

Ohm’sLaw: Practice

? 4A

ev/[ 20 ?/[ 20 3\//[ 10 4\/\[ 20
? ?
? L 2 I 1A k1A

4Vl 2Q -4v/[ 2Q -3v/[ ? 3v/[ ?
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Kirchoff’'sLaws
Current Law: algebraic sumof currents at a node is zero

® _
I2
I3
|
currents into node positive: |
I, I, I3 I, =0
currents into node negative:
I, I, I3 I, =0
Kirchoff’s Current Law: Practice
1A ? 1A ? 3A 7A

G

Voltage Law:
algebraic sum of voltages around a closed circuit loop is zero

clockwise around the loop, against the arrow positive:
V1 Vz V3 V4 =0
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clockwise around the loop, with the arrow positive:
V1 Vz V3 V4 =0

anticlockwise around the loop, against the arrow positive:
V1 Vz V3 V4 =0

anticlockwise around the loop, with the arrow positive:
V1 Vz V3 V4 =0

Kirchoff’sVoltage Law: Practice

3V

oo

1ov

NOTATION

Vap =3V Vga =-3V

Ve = Vac =
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A USEFUL RELATIONSHIP

IDEAL VOLTAGE AND CURRENT SOURCES

O i

COMBINING RESISTANCESIN SERIESAND PARALLEL

series

Ol L ,
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INTRODUCTION TO CIRCUIT ANALYSIS

2Q 1Q
VWA VVVVA—<—
Il <« — 2
Vl I V2
3

1O dge O

NODAL VOLTAGE ANALYSIS

2Q 1Q
VWA VVWW——
«— ——

1O g OF

GENERAL METHOD

Choose areference node

Define voltages at other nodes relative to the reference node

Express element voltages in terms of node voltages, using Kirchoff’s Voltage Law
Caculate element currents using Ohm’'s Law

Write down nodal voltage equations using Kirchoff’s Current Law at every node,
except the reference node.

agrwDNPE



EEE 102 Circuit Theory

EXAMPLE

3Q

1Q

16

10

2Q

Ob




EEE 102 Circuit Theory 10

MODELLING OF REAL DEVICESWITH IDEAL ELEMENTS

equivalent circuit of areal device, e.g. a battery:

U

il
<

t
15 -
terminal 9:
voltage, 5 -
Vt
3 4
O ] )
0 5 current,| 10
Vi=V,-Rl (1) V,=12- 1.2%|

Relation between terminal voltage and current can be represented by the ‘ equivalent
circuit’:

In this circuit:

lh-1-(V/R)=0
S0:

Rl,-RI-V,=0
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V.=Rl,-RI )

Comparing Equations 1 and 2, we see that the two relationships between terminal
voltage and current are identical if:

Vo,=RI, andif theresistance R in the two equivaent circuitsis the same.
This leads to the idea of

SOURCE EQUIVALENCE

These two circuits have exactly the same termina behaviour.

Application of Source Equivalence

3Q 1Q

—vVWW vVWWW

0.33A

OF 3= %

1Q

0.33A

T 6Q r
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12

1Q

0.33A

1Q

0.33A
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THEVENIN'S THEOREM

“ So far as any external network connected between two terminals of a given network
Is concer ned, the given network may be replaced by a voltage source, V, in series with
aresistance, R

The magnitude of the voltage V is equal to the voltage appearing between the two
terminals with the external network disconnected.

Theresistance R is the resistance of the given network between the terminals with all
sources reduced to zero, i.e. voltage sources short-circuit, current sources open-
circuit.”

Schematic:

) ) R )

given external external

networ k networ k — <> TV networ k

(o]
(o}

- -~ -
where:
) )
——oO ——oO
given
given network R
networ k ¢
\Y V'ssc
I'solc
——oO ——oO
| -
Example

In the previous example, an alternative approach is to use Thevenin's Theorem, with
the resistance r being the ‘ external network’.

3Q 1Q

— VWA

0.33A

Ob 3« %
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We need to find the Thevenin equivalent of the given network:

3Q 1Q

— WA WWA—0

Ok =

O
to find open-circuit voltage: to find equivalent resistance:
3Q 1Q 3Q 1Q
—VWVWW j vVWW 0 VVWW\—¢ VWWW—o0
Ol % " % a
< O < O

so the Thevenin equivaent is:

0.33A

Ol |

An example of what Thevenin’s Theorem can (and can’t) do

Two battery supplies, with the following parameters, are to operate in parall€l:

supply open-circuit voltage (V) internal resistance (Q)
A 240 1.0
B 250 15

Calculate the terminal voltage of the combined supply when the load current is: i)
10A, ii) 20A. For aload current of 10A, calculate the current supplied by each battery.
Solution
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Equivalent circuit:

10Q 15Q

\Y

Ol Ol

O

to calculate open-circuit voltage
to calculate Thevenin resistance:

O
1.0Q 15Q
O
Y
<> T24OV <> T250V 100 15Q
@ O O
with Thevenin equivalent
——V VW
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For aload current of 10A, to find the battery currents we must go back to the original

circuit:

10Q

Ol Ol

10A

15Q

238V

NORTON'STHEOREM
Because of source equivalence, any network can be reduced to its Norton

Equivalent:
) )
given external
networ k networ k
— —
where:
)
—0
given
networ k
—oO
—

)

(o)

external
network

)
given
networ k

V'sslc
I'solc

(o]




EEE 102 Circuit Theory

17

TECHNIQUESOF CIRCUIT ANALYSIS

MESH CURRENT ANALYSIS
(also known as circulating current or loop current analysis)

1O o Ol




EEE 102 Circuit Theory 18

GENERAL PROCEDURE

1. Define mesh currents

2. Express branch currentsin terms of loop currents, using Kirchoff’s Current Law
3. Caculate the voltage across each element using Ohm’s Law

4. Write down the mesh current equations using Kirchoff’s Voltage Law.

EXAMPLE

2Q

1Q 5Q

2O

S
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POWER

In resistance, R, power dissipated,

P=VI=I’R=V%¥R

and in timet, energy dissipated
W :IOtVI.dt = VIt

for constant V and |

Sl Units
units of power are Watts (W)
units of energy are Joules (J)

In acircuit the voltage and current sources may produce or absorb power. For
example, consider a battery charger and its equivalent circuit:

+

charger
(dc source)

!

J

o

Rs 1 Rb

e

SOURCE 1 SINK

POWER TRANSFER FROM A REAL SOURCE TO A LOAD

Ol

THEVENIN EQUIVALENT -

R+r

Vr V2r
R+r \ (R+r)2

e
I
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Given: V, R find r to maximise P.

d

P _ §R+ r? dr{vzr} E_ a/%;{(RH)Z} Ez [(R+ r)z{vz}] —[Vzr.Z.{(R +r)}] :O
dr

(R+n)*

for maximum power. So:
[(R+r)2{V2}] -[var2{(R+r}] =0
O[R 0t [rF 0 or r=R

2
Maximum power = P = Ve > withr=R: o
(R+7)
Example
Find r to give maximum power
3Q 1Q

— AW

Ob 3=

(R+r1)*

Thevenin equivalent of the circuit connected tor is:

3Q

Ok= %

so for maximum power inr, its value should be 3Q.

The power dissipated isthen: P, = 1.33%(4*3) W = 0.147 W

Pause for thought: How would you calcul ate the power delivered by the 2V source?
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LINEARITY
An element or network islinear if its behaviour isindependent of the magnitude of the
voltage or current applied to it. A network is non-linear if one or more elements

within it are non-linear. Network Theorems (Thevenin, Norton, Superposition) apply
only to linear networks.

SUPERPOSITION

As an introduction to the Superposition Theorem, consider the following circuit:

V, - R,

1

+1,-1=0

V,—R,l +R,l, -R,l =0

0 Vo 0 0 Ryl
=3 O+ &
OR1+Ro0 R1+R2

U
U
U

Superposition Theorem

“Thetotal current flowing in any branch of a network is the algebraic sum of the
currents which would flow in that branch if each source was acting alone, with the
other sources reduced to zero”

Example

2Q 1Q

{[(© Ol
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2Q 1Q 2Q 1Q

VWW———ANVWA VWW————/AN—

Ol o (©

CIRCUIT SIMPLIFICATION: 3-TERMINAL SYSTEMS

Using the basic techniques of combining resistancesin series and parallel, it is not
possible to ssimplify the network of resistances shown below into a single equivalent
resistance:

—)—
%20 %10
1Q
EE— L g WW——op
R?
%10 %10
<

Star/delta and delta/star transformations

These transformations allow us to deal with problemslike that shown above, by
transforming one set of three resistances, connected between three terminals of a
network, into an equivalent set of resistances connected between the same terminals
and exhibiting identical electrical behaviour.

Star connection Delta connection

The alternative connections - star and delta - of the sets of three resistances are shown
in the diagram. The transformations allow us to replace one set of resistances, e.g. R,,
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R,, R; in the delta connection, by an equivalent set of three resistances with the
opposite connection, e.g. Ra, Rg, Rc in the star connection. Algebraic relationships
between the two sets of resistances can be derived by remembering that the two
connections are exactly equivalent.

For example, the delta/star transformation is obtained by considering the effective
resistance between pairs of terminals, with the other terminal open-circuit.

terminal star delta
pair ( )

) _RyR;+R;) R,.R,+R,.R
A-B Ra+Rs = R3||(R1 *Ry)= R,+R,+R, Rll +3R2 +2R33 @

) _R(R,+R;) _R,.R,+R,.R
B-C RB + RC - R]-”(R2 * RS) - Rl + Rg + R3 B F']él +2R2 +1R33 (2)

R,(R,+R;) _R,.R,+R,.R
C-A Re+Ry = Ry|(Ri+Ry)= R12+ Rl2 +F323 i le +2R2 +2R33 ©
Subtract (2) from (3):
R, ~Ry = zheRuRs g
R, +R, +R,

then take { (1) + (4)}/2:

A - ReRy and similarly: Ry - RuRs R - RuR,
R,+R, +R, R,+R, +R, R,+R, +R,

The star/delta transfor mation can be found using a similar approach:

_R,.Ry+R,.R.+R..R,

R
1 RA
_R,.Ry+R,.R. +R..R,
R, =
I:QB
_R,.R,+R,.R. +R..R,
R, =

RC
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Example

Use the star/delta transformation to solve:

1O

VWA

1Q

1Q

Ol

Ol
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TRANSIENTSIN ELECTRICAL CIRCUITS

Effect of switching, involves two further circuit elements:

inductance capacitance
i i
L v C T Y
V= Lﬂ i = Cﬂ
dt dt
Units: L: Henrys (H) C: Farads (F)

Note on Units

Units of capacitance are inconveniently large, so usually deal in pF, nF or pF:

T x10% Terra e.g. TWh
G x10° Giga e.g. GHz
M x10° Mega e.g. MQ

k x10° kilo e.g. kv

- x10°

m x103 milli e.g. mw

M x10° micro e.g. uiH

n x10° nano e.g.ns

p x10* pico e.g. pF

Analysis of time-varying voltages and currents

Two categoriesto consider:  transients - effect of switching dc
ac -effect of sine wavesin steady-state

Kirchoff’s Laws, Techniques of Circuit Analysis and Network Theorems apply in
circuits with time-varying voltages and currents.
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TRANSIENT ANALYSIS

t=0 \
@

./

For t>0

i:I:Cﬂ
dt

dv. |

d C

Ow Lt
C

Att=0, v: 0>V
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10 Q3 S

For t>0 Att=0 i: 0->l1
v=V= Lﬂ
dt
dt L
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R-Cin series
VR
<« t=0 \
o @
R

¥ =L,

With the switch closed for t>0, Kirchoff’s Voltage Law can be applied:

Vp+tv, -V =0 but v, =R

1
< and v, :Eﬁ.dt
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V o rel LV e _vO-
R —R.e vc—V% e

wheretime constant T = R.C

A large time constant gives a slow response
A small time constant gives afast response

Example
VR
«— t=0 \
o @
1kQ i

SVT 10nF _—Tvc

Time constant, RC = 10°x10x10° s = 10us
Final value of capacitor voltage = 5V

Initial value of current = V/R = 5/(10% = 5mA
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Different initial conditions: different switching time

Suppose the switch closes at a different time, e.g. t=t; ?

VR
< t:tl\
o @
R i
VT C ==TVC
_V B v BT
| = R.e = R.e

wheretime constant T = R.C (as before) and the solution appliesfor t>t,.




EEE 102 Circuit Theory 31

Different initial conditions: initial capacitor voltage

Suppose the switch closes at time t=0, with the capacitor already charged to a voltage
Ve=V,?

¥ L1,

The limits of integration are different, because of the initial charge on the capacitor.
At the moment the switch closes Kirchoff’s Voltage Law must be satisfied, so:
Vo +v, -V =0
and substituting:
Ri +Vp-V =0
SO:
initial current (t=0) i =(V -Vg)/R

e

(V-Vo) Fract_(V=Vo) Bef_v B4 (Vo) i
S

R .e —T T.e

wheretime constant T = R.C (as before) and the solution applies for t>0. Note that
the solution consists of two components: an illustration of:

The solution for capacitor voltage as a function of time may be inferred using the
same principle:
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0 ot t
Ve = V%—eEﬁﬁ% VerrTﬁ
B B

M or e complex circuits

Circuits involving more complex arrangements of sources are solved by finding the
Thevenin equivalent of the circuit ‘seen’ by the energy storage element (L or C), asin
the following example:

—/VW

3kQ

4O 5 Ly

o 100pF

3

Thefirst step in finding the capacitor voltage v., as afunction of time, isto establish
theinitial conditions, i.e. the values of al electrical quantities before the switch
closes. Assuming the circuit has been constructed ‘along time’ ( )
previoudly, theinitial value of v, is:

Next, find the Thevenin equivalent of the circuit connected to the capacitor when the
switch is closed:

3kQ
100pF
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So the time constant for the change in capacitor voltage = R.C =
Steady-state value of capacitor voltage =

and, if necessary, an algebraic expression for the variation of capacitor voltage with
time can be written:

V.=

The variation of capacitor current with time can be derived using the relation:

or by using superposition:



EEE 102 Circuit Theory

R-L in series
VR
- tZO\,
—— WWV—ee— .

With the switch closed for t>0, Kirchoff’s Voltage Law can be applied:
VRtV — V=0
and substituting for the voltage-current relations for R and L.:

Codi _di _V-R
A S S

- X[l_e—Rt/L] :X[l_e—t/T]
R R

where time constant, T = L/R
Vg =Ri =V[1-e™"] =V[1-e™]

v, =V -v, =V[e—Rt/L] :V[e—t/T]
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Example

JO §

Timeconstant, T =
Steady-state current =

but what happens when the switch is opened?

Alternative circuits;
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—o__0— —0__0—

05Q 05Q

10 e i

1.0H 1.0H

ENERGY STORAGE

CAPACITANCE

t:O\
o @ _
I For t>0
i:I:Cﬂ
dt
dv |
| g 3 C==TV — —
T d C
Uw Lt
C
Power = vl = 1%/C
t
2 2
o 1%t _1(1t)
Energy input intimet= | —.dt ==/
ayinp C 2 C

but at time t, the capacitor voltage V=It/C, so:

Enerqy input to the capacitor = Y4CV?

This energy is stored in the capacitor and can be released back into the electrical
circuit. For exampleif the current source is replaced by aresistance R, the capacitor
discharges from avoltage V to zero with atime constant RC:

=V tiRC
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Power dissipated in resistance, R = =i°R = Q\i ‘“ch :_e—ZI/RC

So the total energy dissipated in R as the capacitor discharges

[ee] 0]

2 2
2 V< ~ _2t/RC V2 RC _pyrell _ VZC 2
= R.dt =—— At =—————. 0- Ccv
J" RIe RE 2° B [ 4=

Hence the energy originally input to the capacitor (Y4V?) has been stored and isthen
available to be transferred to the resistance.

INDUCTANCE
t=0 \
o e i For t>0
v=V= Lﬂ
dt
VT() L \ D9|= X
a L
OF —t
Power = Vi = V4/L
v2 2
Vit
Energy input intimet = J'—t dt—% ( L)

but at timet, thei nductor current I=Vt/L, so:

Enerqy input to the inductor = 24_12
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SUMMARY OF ENERGY STORAGE ELEMENTS

CAPACITANCE INDUCTANCE
Y b
dt dt

Capacitor voltage cannot change Inductor current cannot change
instantaneously instantaneously
Time constant = RC Time constant = L/R
In the steady-state (after many time In the steady-state (after many time
constants), capacitor current =0 constants), inductor voltage =0
Energy storage = ¥LCV? Energy storage = 4.1

HIGHER-ORDER SYSTEMS

Circuits involving more than one energy storage element lead to solutions with
higher-order differential equations. The solution of these circuitsis most easily
undertaken using Laplace Transformations (see later lecture courses on Linear
Systems), but sometimes it is sufficient to deduce the initial and steady-state
conditions in the circuit, asin the following example:

©
P
VWW
o
vVWWA
Ke)
I
|
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|
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AC CIRCUITS
AC = dternating current

Consider the behaviour of circuits when voltage and current sources are sinusoidal
functions of time. Steady-state: a‘long time' after the source(s) were connected.

Why sinusoidal ? Integral and differential with respect to timeisalso sinusoidal. All
other repetitive waveforms can be expressed as the sum of sinusoidal waveforms
(Fourier Series)

Parameters of sine waves
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Power

V1= VSln(CJ)
From Ohm's Law: i; = V—Rl =—.sin(wt)

sointhislinear circuit element current and voltage have the same ...

Power dissipated in resistance R?

P=vq.i = V.sin((a).%.sin(ui) :V—z.sinz(cm) :V—RZ%.[l —coq2 w)]

The instantaneous power varies with time at a frequency of:

2
V2 (V / \/E)
Averagge= — =+—"—
2R R
produces a mean power dissipation equal to that produced by a dc source of (V / \/E) .

, S0 the voltage V.sin(wt) applied to the resistor R

(V / \/E) isthe root mean square (r.m.s.) value of the sinusoidal voltage.
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For asinusoidal voltage, V.sin(ux) :

peak = Vv
peak-to-peak = 2V
root-mean-square = (V / \/5)

Unless stated otherwise, it is the rms value which is quoted when referring to ac
guantities.

Steady-state ac circuit analysis
Introduction

Hereisasimple circuit in which avoltage source {v = V.sin(wt)} is supplying a
collection of resistors, capacitors and inductors:

I —

b |14

—

We might assume, correctly, that the current flowing from the source has the same
frequency, but we do not know its magnitude or phase angle relative to the voltage. In
general we could write:

i =l.sin(ut + 6)
and the analysis problem becomes one of finding the current magnitude, |, and phase
angle, 6. It is possible to perform basic circuit analysis using these sinusoidal time
functions of voltage and current, but you need to be very good at dealing with
trigonometric functions and there is an easier way:

‘]’ notation
We have seen that a voltage V.sin(wt) applied to a circuit produces a current
|.sin(wt+0). Suppose instead the voltage applied had been v=V.cos(wt). The current
magnitude and phase angle would be unchanged, so i= |.cos(ut+6), so:

V.sin(ut) - |.sin(wt+6)

V.cos(wt) - |.cos(wt+0)

These two results can be combined, and the analysis considerably ssimplified, if we
consider the voltage applied to the circuit:

v =V.cog(t) +jV.sin(ut) =V { cos{ ot) +jsin( o}
wherej=v-1
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Because in general e = cos(x) + jsin(x) :
v=V.eld

Using the Superposition Theorem, the applied voltage with its two components must
cause a current with two corresponding components to flow around the circuit:

i =1.cos(at +6) +jl.sin(ui + § =1 {cog &b + § +jsin( >+ §
which can be written:
i =1.el@+8) — ) gilw) i(9 _T gio
where:
T=1.l
isacomplex number which has a magnitude (modulus), I, which is equal to the
magnitude of the current flowing around the circuit, and an angle (argument), 6,

which is equal to the phase angle of the current relative to the voltage. | isusually
referred to as the phasor current.

The voltage v can be expressed as a phasor quantity also:
v=V.el@) g0 = 7 et

where:
V=V.el

The angle associated with the phasor quantity V iszero. Inthis problem V isthe
reference phasor and the phase angles of al the other phasor quantities are defined
relative to this reference.

Relationships between phasor voltagesand currentsin R, C, L

Complex impedance of resistance

A '

v=Ri

the ratio of the phasor voltage to the phasor current is called the complex impedance
of the circuit or circuit element. The magnitude of the complex impedance is equal to
the ratio of voltage to current magnitudes and the angle of the complex impedanceis
egual to the phase angle of the voltage relative to the current. In this case we see that
the complex impedance is simply the scalar quantity R, indicating that the voltage and
current are in phase (relative phase angle is zero).
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Complex impedance of capacitance

_Li i=cd

_dt -

i=l1e“...v=Vve“

VI =—C so: _
e’ = joCVe'™
0% = i1 deny
jC «C L

g 1_ Z1_1 i

I joC oC  of

The complex impedance of the capacitor is 1/jwC, indicating that the voltage lags
current by 90° and capacitive reactance = 1/oC

Complex impedance of inductance

- di
v=L—
- dt
L i=1e. . .v=Vve"
\ .
- ~
Ve =juLle”

OV joLE ol.e/®7

0= jol= oL.e®

—<t

The complex impedance of the inductor isjol, indicating that the voltage
leads current by 90° and inductive reactance = wL

Definitions
if complex impedanceZ =R + X R = resistance = Real{ Z}
X = reactance = Imag.{ Z}
[unitsof Z, R and X are Ohmsg|
and:

complex admittanceY = (1/Z2) =G +|B G = conductance = Real{ Y}
B = susceptance = Imag.{ Y}
[unitsof Y, G and B are Siemens (S)]
Notethat in general: G# 1/R and B # 1/X

Notation
WritingV = vel® isinconvenient, so it is often abbreviated: V = VB
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Application of phasorsand complex impedance

Complex impedances are subject to the same rules for circuit smplification as
resistances in dc circuits: rules for combining in series or parallel are applicableto
complex impedances, as are star/delta and delta/star transformations. The circuit
theorems (Thevenin, Norton, Superposition) and techniques of circuit analysis (Nodal
Voltage and Mesh Current) can be extended to phasor quantities and complex
impedances.

Example

Calculate the phasor current 1 in the following circuit:

P

2Q

10V, 50Hz T 3.18mF —— 10

Convert capacitances and inductances into reactances
C=3.18mF

SO capacitive reactance =

Hence the circuit becomes:

P

2Q

10V, 50H z/[ —_ 10

and combining the parallel circuit elements into a single complex impedance Z;:

Z, =

2Q

10V,50Hz/[ Z, 10V,50Hz/[ Z
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so thetotal impedance, Z=2+ 27, =

Therefore the phasor current is:

Z 25403 113°

Therefore the current magnitude is 3.9A (r.m.s.) and the current leads the voltage by a
phase angle of 11.3°.

Problems with several sources
Genera principleisto choose one source as the reference phasor and to express the

phase angles of the other sources relative to the reference, as in the following
example:

1O Ol

Given v1 =5.cos(wt) and v, =5 .cos(wt -120°), calculate the current, i.

Using phasors:
choose v, asthe reference, so: V, =500 V

then: V, =503 120° V

from Kirchoff's Voltage Law: Vg +V, -V, =0
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VR=V1-V,

q% V;-V, _506 & 120 _ (5+j0)—(5.cos(-120) +j5.sin(-120))
1 1 1

% (5+0)-(5.(-05) +]5(-0866)) _ 5+j0+25+j433 _ 75+4.33

1 1 1
OF 865 30

so the current i has a (peak) value of 8.65A and |eads the reference voltage
source by 30%: i =865.cos(wt +30°)

Phasor diagrams

are away of representing the magnitudes and relative phase anglesin a
graphical format:

I'm

0 Re

and can be used to check that a calculated answer is ‘reasonable’, asin the previous
example

st -120
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General ac circuit analysis

Techniques of circuit analysis (Nodal Voltage and Mesh Current) and network
theorems (Thevenin, Norton, Superposition, Source Equivalence, Star/Delta
Transformations) can be applied to ac circuits using phasor quantities and complex
impedances.

Example

The following circuit can be solved by Nodal Voltage Analysis, Mesh Current
Analysis, Source Equivalence or Superposition:

j1Q A

_W\_.ﬁ

O,
2000 vTCb — ix éT 1.00-90° A
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Resonant Circuits

An important group of ac circuits have the general property of behaviour whichis
very frequency sensitive. These are the resonant circuits, which have widespread
applicationsin frequency selection.

Seriesresonance (L CR circuit)

0% Rojor = R jHas ]
| joC oC

OE v 1
R+j§¢——§
wC

for avoltage which is fixed in magnitude, but variable in frequency:
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Half-power bandwidth and Q-factor

The angular frequencies where the current magnitude has fallen to 1/v2 of its peak
value (V/R) are given by solutions of:

V 11
I = = 02RE R% [til- —
R2+§»L—
wC
EtREcol_i 0 w’li wCR =1 0
wC ' B
e + CR++/(CR)? +4LC
2LC
++/(CR)? +4LC +CR ++/(CR)” +4LC -CR
0 w5 0 wrF
2LC 2LC

Define half-power bandwidth as the difference between the two angular frequencies at
which the current magnitude is 1/v2 of its peak value
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+J(CR)? +4LC +CR  +|(CR)? +4LC-CR _2cR _R
2LC 2LC T2c L

Hws wF

It is more useful to relate the half-power bandwidth to the resonant angular frequency,
by means of the quality factor, Q:

Wy _ wol 1

Q_coz—o)l R _wORC

A circuit with alarge Q-factor has a sharp resonant peak and is effective asa
frequency selection circuit.

Note:

At the resonant frequency, wy, the capacitor voltageis:

~ 1 v_ 0O1 04 .
Ve=——.—=-jF—=0IV=-jQV
JweC R UwoCRO

Parallel resonance (L CR circuit)

for acurrent which is fixed in magnitude, but variable in frequency:
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Half-power bandwidth and Q-factor

Half-power bandwidth:
1

Hwy wrE a

and the quality factor:

w
Q=—%0 -cr=12
W, — W)y wol
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Complex Power

Consider an inductance-resi stance series connection:

10

if v=4/2.V.sin(t) and  i=+/2.1.sin(cxt - 6)

soV and | arermsvalues, related by 1 =V /VR? +w?L? , and 8 =tan"*(wl / R)

then the instantaneous voltages across the resistance and inductance can be written:

Vg = Ri =R.4/2.1.sin(wt — 6) =+/2.V.sin(ut - 9

v, = L.%:wL.\/E.I.cos(ui -9 =+2.V .cos( @ - §

Instantaneous power to resistance, R =

Vi =2.Vg.l.sin?(at = 8) =VR.l —=Vg.l cos2(ut - 9
so the average power dissipated in the resistance =
Instantaneous power to inductance, L =

v i=2.V|.l.cos(wt - 0)sin(ui — © =2V .Isin2(w - §

so the average power transferred to the inductance =
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Phasor diagram:

-
I mpedance diagram:

-
Power diagram:

-

Power = P = V..l = VI. cos(0) unit: Watts

Reactive Power = Q =V .l = VI. sin(6) unit: Volt. Amps reactive (Vars)

VI =P+

Principle of Conservation of Wattsand Vars (Power and Reactive Power)

In acircuit the power and reactive power are separately conserved: the power input by
the sources is absorbed by the resistors and the reactive power input is absorbed by the

inductors and capacitors.

Note: Volt. Amps are not conserved.
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Example

Find the voltage required to feed aload through cables of finite resistance:

P

1Q

GT V=1kv T Lf@agozwicrn?\é\émr =08
At the load:
P=
| =
V.=
sno=
Q=

Power dissipated in cable =

Using Conservation of Power and Reactive Power, calculate supply conditions

(V1) =P24Q?
P2+Q'?

UWw= f:

In this example 10kW of power is wasted because a current of 10A flows through the
1Q resistance. Can the current be reduced?
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Reactive power in inductances and capacitances

s

T
*.
§|_ V| =——2=C
~ T
\% 1
I:|——» :
0 T %

Q=V.l.sin6

<l

Q=V.l.snb

if 6 isnegative for 1 leading

if 0 is positivefor T lagging J and 6 =907, V=l/eoo

V and 8 =90°, V=cLI:

|2
V2 Qe = X :V2 =
C C

so the capacitor absorbs negative reactive power and the inductor absorbs
positive reactive power.

inductive circuits having a lagging power factor (current lags voltage)
capacitive circuits having aleading power factor (current leads voltage)

Power Factor Correction

A combination of capacitors and inductors may absorb net reactive power =0

P

4
1Q
B ] L oad = 80kW
\I;I/I\ 9—1kV /I\ —C @ power factor =
0.8 lagging
L

Find C to minimise the supply current:

Load absorbs 60kV Ar, so choose C to absorb -60kVAr:
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2
~60 % 10% = ~ICV 2 = 271 x50 XC x(103)

3
ne . 00x10 > F=101uF
2n><50><(1o3)

load and capacitor combined then absorb 80kW power only, so 1I=80A and
cable loss = 6.4kW

Complex power in termsof phasors

T Vv
P,Q"?
— _
v Z 0
v o
V=VB+a I =l
consider:

—1

=VB+ ox @= WA+ 20 Vicod 2&) jVisn@® 20)

<l

and:
VI'=vO®e ax - & V1 @) Vicos®) jVIsin(®)
[:l ~ ~%

s Vi= B jO

where Sisthe complex power
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Tutorial 1: Dc Circuits|
1. Find the current | in each of the circuitsin Fig. 1.

a) b)

10V /[ C ) 100Q 15V /[ < > 10kQ

0) d)

5V /[ <> mMQ 100Q
e

I 100Q 100Q

€)

8.2kQ 2.7kQ

SVTQ

5.6kQ 3.3kQ
Figurel

2. Find the voltage, V, in the circuit of Fig. 2 if the value of theresistance R is: a)
IMQ; b) 100kQ; c) 10kQ; d) 1kQ; e) 100Q.

10kQ

e

VT 10kQ R

Figure2
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3. For each of the circuitsin Figure 3, write down the voltage V and current I:

a | Y b) | Y
1.0kQ 1.0kQ

lSVTC ) l 10mA lSVTC ) TlOmA

) | <Y d | VvV

1.0kQ 1.0kQ

15v lCD l 10mA lSVlC ) TlOmA

€) f)

] 0 T Jioms 1] 10a T o

9) h)

0] 10 T Jioms 0[O 20 T o

Figure3

4. a) The electrical characteristics of a battery were investigated using the circuit
shown in Fig. 4a. Values of V and | were recorded as the load resistance R was varied,
and the following results were obtained:

V(v) 120 115 110 105 100
I((mA) O 50 100 150 200

Show that the battery can be modelled by either of the circuitsin Figs 4b and 4c, and
calculate the values of VT, I, and R.

b) Two identical batteries are connected in parallel, with terminals of like polarity
together, as shown in Fig. 4d. Calculate the terminal voltage V, for the following
values of load resistance R|_: i) 10Q; ii) 15Q; iii) 25Q.

c) For each value of load resistance in part b) calculate the current supplied by each
battery.
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a) I b) AAA A C) _

battery R

T B0 (3

Figure4

5. Solve (i.e. find the voltage across and current through each element) the circuits
shown in Fig. 5. Check that your answers are correct using Kirchoff's Laws.

5Q 30
a) b)
QVTCD 2Q TN 100Q
1ovT<>
0) 1 100Q lSOmA
1kQ %Q
15v/[<> 8Q
1kQ d)
%0 1kQ SAT 2Q 80 llA
Figure5
Answers:

1. a) 0.1A; b) 1.5mA; c) 5pA; d) 67mA; e) 1.22mA

2.a) 4.98V; b) 4.76V; c) 3.33V; d) 0.83V; e) 0.1V

3.a) 10mA, 10V; b) —-10mA, -10V; c) 10mA, 10V; d) —10mA, -10V; €) 15V, 15mA;
f) 15V, 15mA; g) —15V, -15mA; h) -15V, -15mA

4. 9)12V; 1.2A; 10Q; b)i) 8V; ii) 9V; iii) 10V; c) i) 0.4A; ii) 0.3A; iii) 0.2A

5. Check them for yourself!
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Tutorial 2: Dc Circuits||

1. Solve (i.e. find the voltage across and current through each element) the circuits
shown in Fig. 1, using Mesh Current Analysis. Check that your answers are correct
using Kirchoff's Laws.

5Q 3Q
a) b)

QVTCD 2Q TN 100Q

8Q 100Q lSOmA

SAT 20 8Q llA

Figurel

2. Find the Thevenin equivalent, between terminals A and B, of the circuit shown in
Fig. 2.

What value of load resistance must be connected between terminals A and B
in order to maximise the power delivered to the load, and what is this maximum
power?

With the load power maximised, find the power output of the 15V source.

A
3.0kQ 300Q

15\/’[ 2.0kQ

OB
Figure2
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3. Using the Superposition Theorem, calculate the current | in the network of Fig. 3.

200Q

mVTQ |

100Q \l/SOmA

Figure 3
4. Use the delta-star transformation to solve the circuit of Fig.4.
8Q
c AT 20 8Q llA
Figure4

Answers:
1. Check answersyourself. 2. 6V; 1.5kQ; 1.5kQ; 57mW. 3.0mA. 4.4A, 1A, OA.
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Tutorial 3: Transients

1. Calculate the time constant for changes in currents and voltages following operation

of the switch Sin each of the circuitsin Fig. 1.

5Q

) —MA—

mVTQ

S

4Q

c)

5OVTQ

6Q

€)

300A T

10mH

10mH

b)

1mAT

d)

5VTQ

3H

5kQ == 10nF
10kQ S
5kQ —— 470pF
Figurel

2. Inthe circuit of Fig. 2, the capacitor isinitially uncharged. The switch S closes at
time t=0. Calculate the values of v, i¢, iy at the following times: i) t=20ys; ii) t=50ys,

iii) t=100us.

1mAT

Figure?2

3. Inthecircuit of Fig. 3, the switch S closes at time t=0. Calculate the values of v|_
and i at thefollowing times: i) t=1ms; ii) t=2ms; iii) t=5ms.
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mVTQ Jomi T

Figure3

4, a) Inthe circuit of Fig. 4, calculate the steady-state value of the voltage across
the capacitor v when the switch Sisi) open and ii) closed.

b) Calculate the time constant for changes in v after the switch S: i) opens

and ii) closes.
¢) The circuit isin the steady-state with switch S open. If the switch Sis closed
at time t=0, calculate the value of v when t=1ps.

d) Thecircuit isin the steady-state with switch S closed. If the switch Sis
opened at time t=0, cal culate the value of v when t=1ps.

10kQ

VA ——

S

15VT<> 470pF ] :Tv

10kQ

Figure4

5. If the circuit of Fig. 5 isin the steady-state with the switch S closed, calculatei) the
energy stored in the capacitor, and ii) the power being dissipated in the IMQ resistor.

Calculate the time constant for the decay of the capacitor voltage after the
switch is opened.

10Q S

~AMW—"
56OV/I\<> 2mF —— IMQ

Figureb
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6. If the circuit of Fig. 6 isin the steady-state with the switch S closed, calculate the
energy stored in the inductor.

Explain the function of the diode D and calculate the peak current which flows
init.

Calculate the time constant for the decay of inductor current after the switch S
is opened, assuming that the diodeisideal.

S 10

300A T 2Q D 3H

Figure 6

Answers:

1. @) 2ms; b) 50us; ¢) 4.2ms; d) 1.57s; €) 0.42s.

2.1) 1.65V; 0.67mA; 0.33mA i) 3.16V; 0.368mA; 0.632mA iii) 4.33V; 0.135mA,;
0.865mA.

3.1) 6.07V; 0.79A ii) 3.68V; 1.26A iii) 0.82V; 1.84A.

4.8) 1) 15V ii) 7.5V b)i) 4.7usii) 2.3us c) 12.4V d) 8.9V

5.1) 3147; ii) 0.31W; iii) 2000s. 6. 60kJ; 200A; 3s.
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Tutorial 4: Accircuits

1. Inthecircuits of Fig. 1 a-d calculate the phasor voltage V and in the circuits of Fig.
1 e-h calculate the phasor current |.

a) b)
1.00 OOA/[ VT 0200 200 600AT© VT 1on3f
0) d)
1.000A VT |:|(1-j1)g 500:30A v“:l 1+jne
f
€) . ) -
1.00 o°vT<> I:J 05000 500 4o°vT<> I:I 1.0030°Q
h
9) - ) T

1.00 OOVT<> 1+jnQ 5.05-3o°v/[<> 1-ina

Figurel
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2. For each of the circuits shown in Fig. 2, calculate the complex impedance at a
frequency of 10kHz:

5Q

a) b) o
10mH 5kQ ——10nF
10nF
0 —| 0 -
470pF
680Q < 10mH S0kQ 47O
Figure2

3. A ‘balanced three phase set of voltages consists of three voltages with equal
magnitude and phase differenceof 120°. So in Fig 3, the voltages Vo, Vo, Vo
are a balanced three phase set. Show that the voltages Vap, Ve, Vea dso form a
balanced three-phase set.

10V /P
_—>
4

10V /-120°
oe—{ )
A4

—o® b Figure3

10V /-240°

O\

4

The networks shown in Fi gure 4 are to be solved using Nodal Voltage Analysis. For
each network:

a) Define the phasor voltage between the nodes A-B as V.

b) Write down expressions for the current in each of the circuit elementsin terms of
thevoltage V.

¢) Using Kirchoff’s Voltage Law at one of the nodes, A or B, derive an equation
relating the currents flowing in the branches connected to that node and solveit to
find V.
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1.00 o°v/[<> 10 @T 1.00-90° A

2.0|:|(PVT<

/
[|
)
9]

/[05 0-90° A

Figure4

o
B

5. A seriesresonant (L-C-R) circuit is driven by an ideal voltage source and hasL =
10mH, C = 10nF, R = 20Q. Calculate the resonant frequency and Q-factor of the
circuit.

6. Three loads are partially specified in the following table:

kVA kw kVAr power factor
Load 1 250 0.5lagging
Load 2 180 0.8 leading
Load 3 300 100 lagging
Complete the table.

If the three loads are connected in parallel to a 2kV, 50Hz supply, what is the
resultant power factor? What value of capacitor must be connected in parallel to
give aresultant power factor of unity?

Answers:

1.  a020 0°V; b)2.0090°V; c) 1.41 0-45° v; d) 7.05 °V;
) 2.00-90° A; f)5.0010°A; g) 0.71 345 ° A; h) 3.54 159 A.

2. a628089.5°Q; b) 1.52 0-72°kQ; ¢) 1.29 0-76° kQ; d) 28.2 1-16.5° kQ;
3. Vgp= 17.3030°V; Vpe=17.30-90°V; Veg=17.3 0-210° V.

4, 1.41 345 °v: 3018 0° Vv

S. 15.9kHz, Q=50

6.  125kW, 216kVAr, 225kVA, -135KVAr, 283KW, 0.945, 0.955 |agging, 144uF
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